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We present a theory of magnetooscillations around the
ν = 1/2 Landau level filling factor based on a model with a
fluctuating Chern–Simons field. The quasiclassical treatment
of the problem is appropriate and leads to an unconventional
exp
[
−(pi/ωcτ
∗
1/2)
4
]
behavior of the amplitude of oscillations.
This result is in good qualitative agreement with available
experimental data.
PACS numbers:72.15.Lh, 71.25 Hc
Since the discovery of the Fractional Quantum Hall
effect (FQHE) [1], the physical properties of a high mo-
bility electron gas subjected to a strong magnetic field
are attracting great interest. Laughlin’s theory [2] gives
a very good description of the properties of the FQHE
states with filling factors ν = 1/(2m + 1). The subse-
quently proposed hierarchy scheme [3] explains, in prin-
ciple, the existence of FQHE states with arbitrary filling
factors ν = p/q ( q is odd). However, some drawbacks
of this scheme were discovered later. In particular, the
FQHE state with ν = p/(2p ± 1) appears only on the
p-th level of hierarchy, so that the scheme does not ex-
plain why these states are experimentally dominating.
This discrepancy motivated Jain [4] to propose a differ-
ent concept based on converting the electrons into com-
posite fermions by attaching to them an even number of
flux quanta. Following a similar approach Halperin, Lee
and Read [5] developed a theory for the half filled Landau
level (see also [6]).
This theory gives an explanation for many experimen-
tally observed properties of the ν = 1/2 state, such as
a non-zero value of the longitudinal resistivity, and an
anomaly in the surface acoustic wave propagation [7]. It
predicts the formation, at half filling, of a metallic state
with well defined Fermi surface. This prediction received
additional confirmation in recent experiments [8] where
a dimensional resonance of the composite fermions was
found. From this point of view, the ν = p/(2p± 1) series
can be considered as the usual ν = p Shubnikov–de Haas
oscillations (SDHO) for the composite fermions, provid-
ing an explanation for the prominence of the above FQHE
states. Indeed, the oscillating behavior of the longitudi-
nal resistivity ρxx near ν = 1/2 is very much reminiscent
of its behavior in low magnetic fields where conventional
SDHO take place [9,10].
Comparison of the resistivity oscillations near ν = 1/2
and in a weak magnetic field shows, however, not only
a similarity in shape, but also an important difference:
the amplitude of the SDHO near half filling decreases on
approaching ν = 1/2 (p = ∞) much faster than it does
in weak fields on approaching zero magnetic field B = 0
(ν = ∞). As a result, the ν = p/(2p ± 1) oscillations
vanish at p = pmax = 6 ÷ 9 [9,10]. This reflects a dif-
ference in the physical properties between the states at
ν = 1/2 and B = 0, calling thus for a detailed theoretical
consideration.
The crucial feature which distinguishes these states
is the presence of fluctuations of the fictitious, Chern–
Simons (CS), magnetic field [5]. The scattering of the
fermions by these fluctuations turns out to be the domi-
nating mechanism of scattering. On the other hand, the
problem of a quantum particle in a random magnetic
field in 2D was studied in our recent papers [11,12]. We
have shown that whereas the transport relaxation time
τt can be found in the usual way within perturbation
theory, the single particle properties of the model are pe-
culiar. In particular we found a Gaussian shape of the
broadened Landau levels and unusual expressions for the
single particle relaxation time τs and for the amplitude
of the de Haas–van Alphen oscillations. These results
were obtained by using the formalism of path integrals
in coordinate space which turns out to be the most appro-
priate tool in this case. In the present Letter, we apply
these methods to the study of magnetooscillations of the
conductivity in the FQHE regime near ν = 1/2.
We consider first the zero-temperature limit, when the
fluctuations of the fictitious magnetic field are deter-
mined by the randomly located impurities [5]. We find
the amplitude of the SDHO in this case to be propor-
tional to ρoscxx ∝ exp[−(π/ωcτ∗1/2)4] where ωc is the cy-
clotron frequency and τ∗1/2 plays the role of an effective
relaxation time. This result which describes well the ex-
perimental data should be contrasted with the usual be-
havior ρoscxx ∝ exp [−π/ωcτ ] that one obtains for the case
of the short range random potential.
At finite temperature the particles are scattered ad-
ditionally by the thermal fluctuations of the magnetic
field. We find however that due to the screening in a
strong uniform magnetic field, these fluctuations give a
contribution to the single particle relaxation rate, which
is small compared to usual temperature-dependent factor
1
exp(−2π2T/ωc) originating from the Fermi distribution.
We consider a realistic system formed by the 2D elec-
tron gas of density ne and by the positively charged im-
purities located in a layer separated by a large distance
ds from the electron plane. The statistical transforma-
tion attaches to each electron an even number φ˜ of flux
quanta of the CS gauge field. To describe the vicinity
of the ν = 1/2 state, we take φ˜ = 2; however the same
formalism with φ˜ = 4 can be applied to the ν = 1/4
state.
In the mean field approximation, the statistical mag-
netic field B1/2 = 4πcne/e cancels exactly the externally
applied field B at ν = 1/2. When the filling factor ν
is tuned away from ν = 1/2, the effective uniform mag-
netic field is equal to Beff = B − B1/2. For ν close
to 1/2, the number of filled Landau levels of composite
fermions p ≫ 1, so that the problem can be considered
quasiclassically. Essential components of the problem, in
addition to the uniform magnetic field Beff are the ran-
dom magnetic field h(r) and random potential u(r). In
the quasiclassical approximation, the quantities of inter-
est can be expressed as a sum over classical trajectories.
We will treat the random fields in the framework of qua-
siclassical perturbation theory, neglecting their influence
on the classical trajectories. This approximation is valid
provided ωcτt ≫ 1. The trajectories are then simply the
cyclotron circles in the uniform field Beff .
In a previous paper [12] we used this quasiclassical ap-
proach to calculate the de Haas–van Alphen oscillations
of the density of states (DOS) in the presence of a random
magnetic field in the limit ωcτt ≫ 1. On this condition
the conductivity can be written as a sum over periodic
orbits in a similar way [13–15]; the resulting expression
has the same structure as for the DOS, except for the
overall prefactor representing the non-oscillating contri-
bution. We get therefore, in full analogy with [12]
σxx = σno
[
1− 2iRe
∞∑
k=1
exp
{
2πipk − 1
2
〈
S2r
〉
k2
}]
(1)
where σno denotes the non-oscillating part of σxx, sum-
mation goes over winding numbers k, p = 12
e
cR
2
cBeff =
2π cneeBeff , Rc is the cyclotron radius, Sr denotes the contri-
bution to the action induced by random fields along the
classical path of winding number k = 1, and the angular
brackets denote the average over impurity configurations.
A good estimate for the amplitude of the oscillations is
given by the first harmonic in (1)
σxx = σno
[
1− 2 cos (2πp) exp
(
−1
2
〈
S2r
〉)]
. (2)
At zero temperature, the potential and magnetic fields
fluctuations are dominated by the randomly located im-
purities. Each impurity creates a scalar potential of the
form ∫
(dq)v0(q)e
iq(r−ri) ; v0(q) =
2πe2
ǫq
e−qds , (3)
where ri is the projection of the impurity position to
the 2D plane, ǫ is the dielectric constant, and (dq) =
d2q/(2π)2. This potential gets renormalized due to the
screening by fermions and mixing with the CS field. In
the random phase approximation (RPA) one gets:
Aµ =
(
δ ρµ − UµνKνρ
)−1
A(0)ρ , (4)
where we united scalar A0 and vector A potentials in a
covariant vector Aµ; the vector A
(0)
ρ represents the bare
impurity potentials and therefore has only ρ = 0 non-zero
component. The tensors Uµν and K
νρ represent the bare
gauge field propagator and the current-density response
tensor respectively.
To evaluate eq.(4) we use the Coulomb gauge divA =
0, go to the momentum space and choose the momentum
q to be directed along the x-axis: qx = q, qy = 0. Then
Aµ has only 2 non-zero components corresponding to µ =
0, y, and both K and U become 2× 2 matrices [5]:
Kµν(q) =
( −m∗/2π −iqσxy
iqσxy χq
2 − 2iωne/qkF
)
Uµν(q) =
(
v(q) 2πiφ˜/q
−2πiφ˜/q 0
)
(5)
A(0)µ (q) =
(
v0e
−iqr
i
0
)
,
where m∗ is the effective mass of fermions, χ = 1/12πm∗
is the magnetic susceptibility and v(q) = 2πe2/(ǫq) is the
Coulomb propagator, and σxy is the Hall conductivity of
composite fermions (not to be confused with electron Hall
conductivity).
Substituting (5) in (4), we find
Aµ(q) =
v0(q)e
−iqr
i
m∗v(q)
2pi + (φ˜s+ 1)
2 + φ˜
2
6
(
φ˜s+ 1
iφ˜m∗/q
)
, (6)
where s = 2πσxy ≃ p in the limit ωcτt ≫ 1 .
Let us now compare the first and the second term in
denominator of (6). As we will see below, the typical
momenta are q ∼ (2ds)−1, and we get for φ˜ = 2
m∗v(q)/2π
(2s)2
=
m∗e2
4ǫqs2
∼ m
∗e2
ǫkF
kFds
2p2
∼ 50
p2
, (7)
where kF =
√
4πne, and we used typical experimen-
tal parameters [9] ne = 1.1 · 1011cm−2, ds = 80nm,
and the experimentally estimated value for the ratio
m∗e2/(ǫkF ) ∼ 10. For the not too large p we are inter-
ested in, it is thus a reasonable approximation to neglect
all but the first term in the denominator of (6). This
gives
Aµ(q) =
2π
m∗
φ˜e−iqrie−qds
(
p
im∗/q
)
, (8)
The random field action Sr in eqs.(1), (2) is given by
Sr = −
∮
Aµdr
µ = − (∫ A0dt− ∮ Adr), where the inte-
gration goes around a cyclotron orbit. Assuming now the
2
impurities to be randomly distributed with concentration
ni and uncorrelated, we find〈
S2r
〉
= (2πφ˜)2ni
×
∫
(dq)e−2qds
∣∣∣∣ pkF
∮
dl e−iqr +
∫
d2r e−iqr
∣∣∣∣
2
(9)
= ni(4π
2φ˜Rc)
2
∫
(dq)e−2qds
∣∣∣∣ pkF J0(qRc) +
1
q
J1(qRc)
∣∣∣∣
2
Here
∮
dl means integration along the cyclotron or-
bit and corresponds to the electric field contribution,
whereas
∫
d2r goes over the area surrounded by the orbit
and describes the magnetic field contribution. Taking
into account that R2c = p
2/(πne), we have Rc/2ds =
p/
√
4πned2s ∼ p/10 <∼ 1. Thus for relevant momenta
q ∼ 1/(2ds) and level numbers p, qRc ≪ 1 is a reason-
able approximation. In this case eq.(9) reduces to
1
2
〈
S2r
〉
= π3φ˜2ni
R4c
d2s
=
ni
ne
πφ˜2
ned2s
(
2πne
m∗ωc
)4
. (10)
Note that electric and magnetic field fluctuations give
the same contribution in this limit. According to (2),
this gives for the oscillating part of the conductivity:
σoscxx ∝ − cos
(
4π2nec
eBeff
)
exp

−
(
π
ωcτ∗1/2
)4 (11)
where we introduced a parameter τ∗1/2 which may be in-
terpreted as an effective relaxation time and is given ac-
cording to eq.(10) by
τ∗1/2 ≃
m∗
2ne
(
ned
2
s
4π
)1/4
. (12)
When writing eq.(12) we made the usual assumption that
concentrations of donors and charge carriers coincide:
ne = ni.
The dependence of the amplitude of oscillations
on ωc in eq.(11) differs from the conventional form
exp(−π/ωcτ) which holds for short range potential scat-
tering. We have already shown in [12] that short range
magnetic field scattering leads to damping of oscillations
in the DOS ∼ exp [−(π/ωcτ)2]. As we see now from
eq.(11), a long range correlated magnetic field leads to
the novel result ∼ exp [−(π/ωcτ)4].
In Fig.1 we present experimental data for the ampli-
tude of ρosc from [9] (T = 0.19K, Beff > 0). It is seen
that they can be fitted well by exp
[−(π/ωcτ)4], whereas
a exp(−π/ωcτ) fit is much worse.
Now we consider the effect of dynamical fluctuations of
the gauge field at higher temperatures T . At first glance,
one could expect those to be important for the following
reason. In the quasistatic approximation, the amplitude
of magnetic field fluctuations is given by [17]
〈h(r)h(r′)〉 = δ(r − r′)T/χ . (13)
This would lead to a suppression of oscillations by a
factor ∼ exp (− 12πR2cT/χ) ∼ exp (−12π2pT/ωc) which
could become dominant at high enough temperature.
However, eq.(13) was obtained in the absence of a uni-
form magnetic field, whereas we are considering here the
case of a relatively strong field Beff . As we will see be-
low, this leads to a considerable weakening of magnetic
field fluctuations.
The propagator of gauge field fluctuations is given by
Dµν(q, ω) = Uµρ(q)
(
δρν −Kρλ(q, ω)Uλν(q)
)−1
(14)
where Uµν and Kµν were given in eq.(5). In particular
for the D11 component determining the magnetic field
fluctuations, we get
D11(q, ω) =
(
iω
2ne
qkF
− χ˜q2
)−1
;
χ˜ =
1
2πm∗
[
1
6
+
(
s+
1
φ˜
)2]
+
v(q)
(2πφ˜)2
. (15)
We see that due to the Hall conductivity s = 2πσxy, the
value of χ˜ exceeds considerably the bare value of sus-
ceptibility χ = 1/12πm∗. An analogous suppression of
the gauge field fluctuations in the external magnetic field
was found by Ioffe and Wiegmann [16] who considered
the magnetoresistance of doped Mott insulators.
In the quasistatic approximation we find
〈A1A1〉q =
∫
dω
2π
2T
ω
ImD11 =
T
χ˜q2
=
2πm∗
s2
T
q2
(16)
This leads to the following result for the amplitude of
magnetic field fluctuations:
〈hh〉q =
2πm∗
s2
T (17)
The contribution of these fluctuations to the random field
action
〈
S2r
〉
in (2) is therefore equal to
1
2
〈
S2r
〉
T
=
1
2
πR2c
2πm∗
s2
T =
2π2T
pωc
(18)
Thus the effect of dynamic fluctuations of magnetic
field to the amplitude of oscillations is small compared
to the usual Fermi factor (2π2T/ωc)/ sinh(2π
2T/ωc) and
can be neglected.
For completeness, we consider now the SDHO in low
fields (around B = 0), where there is no CS gauge field.
At low temperature the scattering is then due to screened
impurity potential [5] A0 = (2π/mb)e
−qdse−iqri , where
mb is the band electron mass. (It is easy to see that this
follows from eq.(6) if one puts φ˜ = 0.) We find that
〈
S2r
〉
in eq.(2) is given for this case by
〈
S2r
〉
= (2π)2
ni
ne
R2c
∫
qdqe−2qdsJ20 (qRc) (19)
3
Assuming again ni = ne and Rc ≪ ds, we get for the
amplitude of oscillations
σoscxx ∝ − cos
(
2π2nec
eB
)
exp
[
−
(
π
ωcτ∗0
)2]
, (20)
τ∗0 =
mb
ne
(
ned
2
s
π
)1/2
. (21)
As was already mentioned, the available experimental
data around ν = 1/2 [9] apparently show the behavior
ln ρosc ∼ 1/ω4c predicted by eq.(11). The value of the
parameter τ∗1/2 which is found from such a fit (Fig.2) is
τ∗1/2 ≃ 16 · 10−12s. At the same time the theoretical es-
timate according to eq.(12) (with use of the parameters
of [9]) gives τ∗1/2 ≃ 2 · 10−12s if one uses the experimen-
tal value of the effective mass m∗ = 0.7me. A similar
discrepancy is found for the low–field relaxation time:
eq.(21) for mb = 0.07me gives τ
∗
0 ≃ 1 · 10−12s, whereas
the value quoted in [9] is τ0 ≃ 9 · 10−12s. Compari-
son of these values should be taken with certain caution,
since τ0 was found in [9] by using a conventional linear
fit for the Dingle plot, rather than eq.(20). We do not
expect, however, that this could change τ0 considerably.
We note also that the theoretically estimated values for
the transport relaxation rate at ν = 1/2 are typically 4
times greater than extracted from experimental mobil-
ities [5,9]. Therefore the theory seems to overestimate
relaxation rates systematically. This situation is not new
and has been discussed previously [18,19]. The consid-
erable increase of relaxation times can be attributed to
the correlations in positions of charged impurities due to
their mutual Coulomb interaction [19]. It is not clear
to us, however, whether the here obtained rather size-
able discrepancy between experimental and theoretical
values of τ∗1/2 can be explained in this way or else implies
an inconsistency of the underlying theoretical picture of
ν = 1/2 FQHE.
In conclusion, we have presented a theory of magne-
tooscillations around ν = 1/2 Landau level filling factor
based on a model with fluctuating Chern–Simons field
[5]. The quasiclassical treatment of the problem is appro-
priate and leads to unconventional exp
[
−(π/ωcτ∗1/2)4
]
behavior of the amplitude of oscillations. This result is
in good agreement with available experimental data, al-
though the experimental value of τ∗1/2 exceeds our theo-
retical estimate.
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FIG. 1. Dingle plot. Logarithm of normalized amplitude
of resistivity oscillations ln(DTρ
osc/ρ), with
DT = sinh(2pi
2T/ωc)/(2pi
2T/ωc), as a function of inverse ef-
fective magnetic field B−1eff . Linear, quadratic and quartic fits
of experimental data from [9] are presented.
4
0.5 0.7 0.9 1.1 1.3 1.5 1.7
1/B
eff (1/T)
-2.0
-1.0
0.0
1.0
2.0
l
n
(
D
T
 
ρ
o
s
c
/
ρ
)
 
experimental data [9]
fit 1.3-0.34B-4
fit 2.0-1.1B-2
fit 3.4-2.5B-1
